
This article was downloaded by: [Siauliu University Library]
On: 17 February 2013, At: 07:05
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T
3JH, UK

Advanced Composite Materials
Publication details, including instructions for
authors and subscription information:
http://www.tandfonline.com/loi/tacm20

Finite element analysis
of creep in unidirectional
composites based on
homogenization theory
K. Kondo & R. Takiguchi
Version of record first published: 02 Apr 2012.

To cite this article: K. Kondo & R. Takiguchi (2002): Finite element analysis of creep
in unidirectional composites based on homogenization theory , Advanced Composite
Materials, 11:1, 31-39

To link to this article:  http://dx.doi.org/10.1163/156855102753613264

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-
and-conditions

This article may be used for research, teaching, and private study
purposes. Any substantial or systematic reproduction, redistribution,
reselling, loan, sub-licensing, systematic supply, or distribution in any form
to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to
date. The accuracy of any instructions, formulae, and drug doses should
be independently verified with primary sources. The publisher shall not
be liable for any loss, actions, claims, proceedings, demand, or costs or

http://www.tandfonline.com/loi/tacm20
http://dx.doi.org/10.1163/156855102753613264
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


damages whatsoever or howsoever caused arising directly or indirectly in
connection with or arising out of the use of this material.
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Finite element analysis of creep in unidirectional
composites based on homogenization theory

K. KONDO 1;¤ and R. TAKIGUCHI2

1 Department of Aerospace Engineering, National Defence Academy, 1-10-20 Hashirimizu,
Yokosuka 239-8686, Japan

2 Robot Systems Department, Nagoya Works, Mitsubishi Electric Corporation, Nagoya, Japan

Abstract—The creep behavior of continuous � ber reinforced unidirectional composites due to the
viscoelasticity of the resin matrix is analyzed based on the homogenization theory utilizing the � nite
element method. It is assumed that the constituent � ber is transversely isotropic linearly elastic
material and that the matrix is isotropic linearly elastic and nonlinearly viscoelastic. The theoretical
predictions for the creep behavior of the composites are compared with the experimental results.

Keywords: Fiber reinforced composite; creep; homogenization theory; � nite element method.

1. INTRODUCTION

Fiber reinforced plastics exhibit creep behavior due to the viscoelasticity of the
resin matrix even at room temperature. Since a variety of composites are being
considered for use in aerospace structures at high temperature, it is critical to predict
the creep behavior of composites. Experimental testing of the creep behavior of
composites is very dif� cult and time-consuming to conduct. In contrast to isotropic
materials, for which measurement of creeping can be performed independent of
direction, composites which are anisotropic require characterizing creep behavior in
different directions relative to the � bers. Thus, development of reliable models for
predicting the time-dependent characteristic of composites has received signi� cant
attention in the literature. These studies involve numerical models [1–3] and
analytical models [4–6]. The creep of unidirectionally reinforced composites were
numerically analyzed by the � nite element method utilizing the repeating unit in
composites with regular � ber packing [1] or the homogenization theory [2, 3].

¤To whom correspondence should be addressed.
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32 K. Kondo and R. Takiguchi

The phenomenological model [4] was evaluated by the experimental data while the
theoretical models [5, 6] were veri� ed by the � nite element calculations.

In the present paper, the creep of a unidirectional composite with regular � ber
arrangement is analyzed by the � nite element method based on the homogenization
theory. It is assumed that the constituent � ber is transversely isotropic linearly elas-
tic material while the matrix is isotropic linearly elastic and nonlinearly viscoelastic.

2. GOVERNING EQUATIONS

We deal with the incremental deformation of a periodic nonhomogeneous material.
The equilibrium equations are given by

@1¾ij

@xj

D 0; (1)

and the strain displacement relationship is written as

1"ij D
1

2

³
@1ui

@xj

C
@1uj

@xi

´
: (2)

The constitutive equations take the form

1¾ij D Cij k`

£
1"k` ¡ P"c

k`.¾tCµ1t/1t
¤
; (3)

where P"c
k`.¾tCµ1t/ is the creep strain rate at t D t C µ1t .0 6 µ 6 1/ and Cij k`

represents the elastic constant.
The stress boundary conditions are given by

1¾ij nj D 1 NTi on ÄT; (4)

while the displacement boundary conditions are expressed as

1ui D 1 Nui on ÄU: (5)

3. HOMOGENIZATION METHOD

3.1. Global and local coordinates

We de� ne the local coordinates y in a single repetitive cell of periodicity as

y D
x
"

." ¿ 1/; (6)

where the global coordinates x refer to the whole of the body. By using the rule of
differentiation

d

dxj

D
@

@xj

C
@yk

@xj

@

@yk

D
@

@xj

C
1
"

@

@yj

; (7)
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Finite element analysis of creep in unidirectional composites 33

the equilibrium equations as equations (1) are reduced to

@1¾ij

@xj

C
1
"

@1¾ij

@yj

D 0; (8)

and the strain–displacement relationship as equations (2) are transformed to

1"ij D "x.ij /.1u/ C
1
"

"y.ij /.1u/ (9)

where

"x.ij /.1u/ D
1

2

³
@1uj

@xi

C
@1ui

@xj

´
; "y.ij /.1u/ D

1

2

³
@1uj

@yi

C
@1ui

@yj

´
(10)

3.2. Asymptotic expansion

We assume that the periodicity of material characteristics imposes an analogous
periodical perturbation on quantities describing the mechanical behavior of the
body. Hence we use asymptotic expansion to describe the displacements and
stresses as

ui.x; y/ D u0
i .x/ C "u1

i .x; y/ C "2u2
i .x; y/ C ¢ ¢ ¢ ; (11)

¾ij .x; y/ D ¾ 1
ij .x; y/ C "¾ 2

ij .x; y/ C ¢ ¢ ¢ ; (12)

where uk
i , ¾ kC1

ij for k > 1 take the same value on the opposite sides of the cell
of periodicity (i.e. Y-periodic). Substituting equation (12) into equation (8), the
equilibrium equation splits into terms of orders "¡1 and "0 as

@1¾ 1
ij

@yj

D 0; (13)

@1¾ 1
ij

@xj

C
@1¾ 2

ij

@yj

D 0: (14)

Introduction of equation (11) into equation (9) yields

1"ij D "x.ij /

¡
1u0.x/

¢
C "y.ij /

¡
1u1.x; y/

¢
C "

£
"x.ij /

¡
1u1

¢
C "y.ij /

¡
1u2

¢¤
C ¢ ¢ ¢ :

(15)
The creep strain rate P"k`.¾tCµ1t/ in equation (3) can be approximated by

P"c
k`.¾tCµ1t/ D P"c

k`.¾t / C µ
@ P"c

k`.¾t/

@¾rs

1¾rs .0 6 µ 6 1/ (16)

Substituting equation (12) into equation (16), we get

P"c
k`.¾tC21t/ D P"c

k`

¡
¾ 1

t

¢
C PGk`rs

¡
¾ 1

t

¢©
µ1¾ 1

rs C "
¡
¾ 2

rs C µ1¾ 2
rs

¢
C ¢ ¢ ¢

ª
(17)

where

PGk`rs.¾ / D
@ P"c

ke.¾ /

@¾rs

: (18)
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34 K. Kondo and R. Takiguchi

By introducing equations (12), (15), (17) into equation (3), the constitutive
equation splits into terms of order "0 and "1 as

1¾ 1
ij D

£¡
Cij k`

¢¡1 C µ PGk`ij

¡
¾ 1

t

¢
1t

¤¡1£
"x.k`/

¡
1u0

¢
C "y.k`/

¡
1u1

¢
¡ P"c

k`

¡
¾ 1

t

¢
1t

¤

D QCij k`

£
"x.k`/

¡
1u0

¢
C "y.k`/

¡
1u1

¢
¡ P"c

k`

¡
¾ 1

t

¢
1t

¤
; (19)

1¾ 2
ij D QCij k`

£
"x.k`/

¡
1u1

¢
C "y.k`/

¡
1u2

¢
¡ PGk`rs

¡
¾ 1

t

¢
¾ 2

rs1t
¤
: (20)

3.3. Microscopic and macroscopic equations

We decompose the displacement increment in the perturbation into the elastic and
creep parts as

1u1
i D 1u1e

i C 1u1c
i D Â k`

i .y/"x.k`/.1u0.x// C 1u1c
i ; (21)

where Â k`
i and 1u1c

i are Y-periodic. Substituting equation (21) into equation (19),
we get the macroscopic evolution equation as

1¾ 1
ij D QCijpq

£
±pk±q` C "y.pq/

¡
x k`

¢¤
"x.k`/

¡
1u0

¢
C QCij k`

£
"y.k`/

¡
1u1c

¢
¡ P"c

k`

¡
¾ 1

t

¢
1t

¤

D Qaij k`"x.k`/

¡
1u0

¢
C 1rij : (22)

Here, we introduce a volume average operator

h¢i D
1

jyj

Z

y
.¢/ dy; (23)

where jyj denotes volume of the unit cell y. From equation (22), we get the
macroscopic constitutive equations

16ij D
«
Qaij k`

¬
1Ek` C

«
1rij

¬
; (24)

where

16ij D
«
1¾ij

¬
; 1Ek` D "x.k`/

¡
1u0

¢
: (25)

Introducing equation (22) into equation (13) and considering that "x.k`/.1u0 ) are
arbitrary, we get

@ Qaij k`

@yj

D 0; (26)

@1rij

@yj

D 0; (27)

which give the governing equations for x pq and 1u1c, respectively, as

@

@yj

n
QCij k`

£
±kp±`q C "y.k`/

¡
x pq

¢¤o
D 0; (28)

@

@yj

n
QCij k`

£
"y.k`/.1u1c/ ¡ P"c

k`

¡
¾ 1

t

¢
1t

¤o
D 0: (29)
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Finite element analysis of creep in unidirectional composites 35

Taking the volume average of equation (14), we obtain the macroscopic equilib-
rium equations as

@16ij

@xj

D 0: (30)

4. CREEP LAW

The � ow rule of creep deformation of the isotropic matrix is

P"c
ij D

3

2

P"c
e

¾e

¾ 0
ij ; (31)

where ¾e and P"c
e are the effective stress and the effective creep strain increment,

respectively, in the form

¾e D
³

3

2
¾ 0

ij ¾ 0
ij

´1=2

; P"c
e D

³
2

3
P"c
ij P"c

ij

´1=2

: (32)

It is assumed that the creep of matrix is governed by the Norton–Bailey law as

"c
e D k¾ n

e tm; (33)

from which we have the creep law of the time-hardening type in the form

P"c
e D km¾ n

e tm¡1: (34)

Eliminating t from equations (33) and (34), we obtain the creep law of the strain-
hardening type as

P"c
e D k

1
m m¾

n
m

e "
c

m¡1
m

e : (35)

5. FINITE ELEMENT FORMULATION

We solve equations (28) and (29) utilizing the � nite element method. Considering
that Â

pq
i is Y-periodic, the Galerkin equation for equation (28) can be reduced to

0 D
Z

Y

@

@yj

n
QCij k`

£
±kp±`q C "y.k`/

¡
x pq

¢¤o
±Â

pq
i dY

D ¡
Z

Y

QCijpk

@±Â
pq
i

@yj

dY ¡
Z

Y

QCij k`"y.k`/

¡
x pq

¢ @±Â
pq
i

@yj

dY; (36)

which is the weak form utilized to obtain Â
pq
i in the � nite element method. The

Galerkin equation for equation (29) can also be transformed to

0 D
Z

Y

@

@yj

n
QCij k`

£
"y.k`/

¡
1u1c

¢
¡ P"c

k`

¡
¾ 1

t

¢
1t

¤o
±1u1c

i dY

D ¡
Z

Y

QCijpk"y.k`/

¡
1u1c

¢ @±1u1c
i

@yj

dY ¡
Z

Y

QCij k` P"c
k`

¡
¾ 1

t

¢
1t

@±1u1c
i

@yj

dY ; (37)

which is the weak form to obtain 1u1c
i for the periodic boundary conditions.
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36 K. Kondo and R. Takiguchi

6. NUMERICAL PROCEDURE

For the case where macroscopic stresses 6ij (or macroscopic strains Eij ) are given,
we set ¾ 1

t D 0 for t D 0. Then the incremental computation from the current time
t D t to the subsequent time t D t C 1t is conducted as follows:

(1) For given ¾ 1
t , we calculate QCij k` from equation (19), and P"c

k`.¾
1
t / from equa-

tion (31). And we obtain Â
pq
i and 1u1c

i by the � nite element method based on
equations (36) and (37) with the Y-periodic boundary conditions.

(2) We calculate Qaij k` and 1rij from equation (22), and obtain h Qaij k`i and h1rij i.
(3) We calculate 1Eij D P"c

k`.1u0/ (or 16ij ) from equation (24).

(4) We calculate 1¾ 1
ij from equation (22), and obtain ¾ 1

t at t D t C 1t.

7. NUMERICAL RESULTS

We analyze a unidirectional graphite-epoxy composite with hexagonal packing as
shown in Fig. 1 with µ in equation (3) being 1=2. The epoxy resin is considered to be
isotropic linearly elastic and nonlinearly viscoelastic material with the mechanical
properties

Em D 476 kgf/mm2; ºm D 0:39; n D 1; m D 0:269;

k D 1:76 £ 10¡4 (kgf/mm2/¡n.hour/¡m;

which were determined by the experiment conducted on the epoxy resin [1]. The
graphite � ber is assumed to be transversely isotropic linearly elastic material with

Figure 1. Regular hexagonal array composite and unit cell.
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Finite element analysis of creep in unidirectional composites 37

the mechanical properties

ELf D 21000 kgf/mm2; ETf D 1310 kgf/mm2;

ºLTf D 0:29; ºLTf D 0:49; GLTf D 2190 kgf/mm2:

A unit cell of periodicity as indicated in Fig. 1 is discretized by the eight-node
isoparametric quadrilateral � nite elements as shown in Fig. 2.

The macroscopic strain E11 and the macroscopic creep strain Ec
11 of the graphite-

epoxy unidirectional composite subjected to unidirectional constant macroscopic
stress 611 D N¾ are shown as a function of t in Figs 3 and 4, respectively, together
with the experimental results [1]; and the macroscopic strain E22 vs. the time t is
shown in Fig. 5.

Figure 2. Finite element discretizationof unit cell of hexagonal array composite.

Figure 3. Strain E11 vs. time t for unidirectional graphite-epoxy composite under applied stress
611 D N¾ .
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38 K. Kondo and R. Takiguchi

Figure 4. Creep strain Ec
11 vs. time t for unidirectional graphite-epoxy composite under applied

stress 611 D N¾ .

Figure 5. Strain E22 vs. time t for unidirectional graphite-epoxy composite under applied stress
611 D N¾ .

Since we assume that the epoxy resin is linearly viscoelastic (n D 1), the total
compliance E11= N¾ and the creep compliance Ec

11= N¾ and Ec
22= N¾ are the same for

any applied stress N¾ . It can be seen from Fig. 4 that the creep compliance Ec
11= N¾

for the strain-hardening law is larger than for the time-hardening law at the � rst
transient stage and becomes smaller at the later stationary stage. The Poisson
shrinkage .¡E22/ in Fig. 5 shows the same characteristic for the strain-hardening
law and the time-hardening law. In view of Fig. 3, the experimental results for the
total compliance qualitatively agree with the theoretical prediction. However, the
experimental data for the creep compliance are much higher than the theoretical
results.
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Finite element analysis of creep in unidirectional composites 39

8. CONCLUSIONS

Creep behavior of unidirectional � ber reinforced plastics is analyzed by the � nite
element method utilizing the homogenization theory. To verify the theoretical
predictions, more extensive creep tests on composites and the constituent resins
should be conducted. Although composites under uniform macroscopic strains have
been analyzed, the present homogenization method can easily be extended to study
composites subjected various boundary conditions.
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