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Finite element analysis of creep in unidirectional
composites based on homogenization theory

K. KONDO "* and R. TAKIGUCHI?

! Department of Aerospace Engineering, National Defence Acadenty, 1-10-20 Hashirimizu,
Yokosuka 239-8686, Japan
2 Robot Systems Department, Nagoya Works, Mitsubishi Electric Corporation, Nagoya, Japan

Abstract—The creep behavior of continuous fiber reinforced unidirectional composites due to the
viscoelasticity of the resin matrix is analyzed based on the homogenization theory utilizing the finite
element method. It is assumed that the constituent fiber is transversely isotropic linearly elastic
material and that the matrix is isotropic linearly elastic and nonlinearly viscoelastic. The theoretical
predictions for the creep behavior of the composites are compared with the experimental results.

Keywords: Fiber reinforced composite; creep; homogenization theory; finite element method.

1. INTRODUCTION

Fiber reinforced plastics exhibit creep behavior due to the viscoelasticity of the
resin matrix even at room temperature. Since a variety of composites are being
considered for use in aerospace structures at high temperature, it is critical to predict
the creep behavior of composites. Experimental testing of the creep behavior of
composites is very difficult and time-consuming to conduct. In contrast to isotropic
materials, for which measurement of creeping can be performed independent of
direction, composites which are anisotropic require characterizing creep behavior in
different directions relative to the fibers. Thus, development of reliable models for
predicting the time-dependent characteristic of composites has received significant
attention in the literature. These studies involve numerical models [1-3] and
analytical models [4—6]. The creep of unidirectionally reinforced composites were
numerically analyzed by the finite element method utilizing the repeating unit in
composites with regular fiber packing [1] or the homogenization theory [2, 3].

*To whom correspondence should be addressed.
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The phenomenological model [4] was evaluated by the experimental data while the
theoretical models [5, 6] were verified by the finite element calculations.

In the present paper, the creep of a unidirectional composite with regular fiber
arrangement is analyzed by the finite element method based on the homogenization
theory. It is assumed that the constituent fiber is transversely isotropic linearly elas-
tic material while the matrix is isotropic linearly elastic and nonlinearly viscoelastic.

2. GOVERNING EQUATIONS
We deal with the incremental deformation of a periodic nonhomogeneous material.
The equilibrium equations are given by
dAc ij
ox j

=0, (1

and the strain displacement relationship is written as

Ei = — .
T2\ ax; ax;

The constitutive equations take the form
Aoyj = Cijre[ Mere — éy (011080 AT], 3)

where &;,(049a,) is the creep strain rate at t = ¢ + 0Ar (0 < 6 < 1) and Cjjre
represents the elastic constant.
The stress boundary conditions are given by

AO‘,’jl’lj = ATI on QT, (4)
while the displacement boundary conditions are expressed as

Au; = Au; on Q. %)

3. HOMOGENIZATION METHOD
3.1. Global and local coordinates

We define the local coordinates y in a single repetitive cell of periodicity as

X
y=7 (e k1), (6)

where the global coordinates x refer to the whole of the body. By using the rule of
differentiation

d Ay 9 3 19

— = — = — 7
dx; 0x;  0xjdyr  0x;j +88yj )
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the equilibrium equations as equations (1) are reduced to
0 Aaii 10 Aaij
Iy - .

=0, 8
ij & 8y, ( )
and the strain—displacement relationship as equations (2) are transformed to
1
Agjj = €xij(Au) + g%(ij)(All) %)
where
Ex(ij == . &) == —
@Hiat 2 0X; ij Y@ " 2 By, 8y,

3.2. Asymptotic expansion

We assume that the periodicity of material characteristics imposes an analogous
periodical perturbation on quantities describing the mechanical behavior of the
body. Hence we use asymptotic expansion to describe the displacements and
stresses as

i (x,y) = ud(x) + eul (x,y) + 2ul(x, y) + - -, (11)
01 (X, y) = 0 (X, y) + €05 (X, ) + - -, (12)

where uf, o*i];-H for k > 1 take the same value on the opposite sides of the cell

of periodicity (i.e. Y-periodic). Substituting equation (12) into equation (8), the

equilibrium equation splits into terms of orders ¢! and &° as
aAaili
3y,
d Aai} d Aafi 0 14
Ty oy o

Introduction of equation (11) into equation (9) yields

Agij = xij) (AU’ (X)) + £y (Au' (x, ¥)) + e[exiy (Au') + &y (Au®) ] + -+ -
(15)
The creep strain rate £;,(0,494,) in equation (3) can be approximated by

0¢;,(07)

é]f((at+9At) = é/iz(o't) +6 Ao,y (001 (16)

rs

Substituting equation (12) into equation (16), we get
Eorvoad) = #(0)) + Gun (0/) {0 80 + 2 (0 + 0407 ) +---} - (17)

where

0é;,(0)

kars(a) = 90

(18)
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By introducing equations (12), (15), (17) into equation (3), the constitutive
equation splits into terms of order £° and &' as

Ao = [(Cijke) ™ +0Grais (0} Ar] ™ [erie (Au°) + £y00 (Au') — &5, (0,)) Ar]
= Cijue [8x(k£)(Au0) + 8y(k£)(Au1) — &y (Utl)At]’ (19)
Aol = Cijieexun (A') + eyuy (AW?) = Grers (0,') 07, At]. (20)

3.3. Microscopic and macroscopic equations

We decompose the displacement increment in the perturbation into the elastic and
creep parts as

Auj = Auj® + Aul® = x (Vecwn (Aug(x) + Au/®, 21)

where x* and Au/¢ are Y-periodic. Substituting equation (21) into equation (19),
we get the macroscopic evolution equation as

Aai,lj = CNviqu [(Sﬂk(sqf + €y(pg) (X u)]g)C(kf)(A“O) + ei.ikf [8y(kf) (Aulc) - é/fz(atl)At]
= flijkzé‘x(u)(AllO) + Aryj. (22)
Here, we introduce a volume average operator
1
()= —/(-) dy, (23)
Iyl Jy
where |y| denotes volume of the unit cell y. From equation (22), we get the
macroscopic constitutive equations
AT = (dije) AExe + (Ary), 24)
where
AY;; =(Aoy), AEw = e (AWY). (25)

Introducing equation (22) into equation (13) and considering that &, (Au) are
arbitrary, we get

0d;jke

=0, (26)
ay;
8Ar,-,-
— =0, (27)
dy;

which give the governing equations for 77 and Au'‘, respectively, as

0 -

3 {Cijkz [8kp82q + &y (X M)]} =0, (28)

Yj

a—y {C'ijkg [«‘E‘y(k() (Alllc) — é‘lig(O’tl)Al]} =0. (29)
J
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Taking the volume average of equation (14), we obtain the macroscopic equilib-

rium equations as
0AL;;
axj

=0. (30)

4. CREEP LAW
The flow rule of creep deformation of the isotropic matrix is

~C
. C 2 86 I
& = ==0;;,

3D

20,

where o, and &, are the effective stress and the effective creep strain increment,
respectively, in the form

3 1/2 2 1/2
Oe = <50’,:/f°'i./f) B = <§éicjéicj) ' (32)

It is assumed that the creep of matrix is governed by the Norton—Bailey law as
g =ko't", (33)

from which we have the creep law of the time-hardening type in the form
&6 = kmo!'t" " (34)

Eliminating ¢ from equations (33) and (34), we obtain the creep law of the strain-
hardening type as

1 n Cm—l
& =kmmoS e, " . (35)

5. FINITE ELEMENT FORMULATION

We solve equations (28) and (29) utilizing the finite element method. Considering
that x? is Y-periodic, the Galerkin equation for equation (28) can be reduced to

d (=~
0= / W {Cijkz [(Skp(Seq + &yko) (X M)]} §x/9 dy
Yy 9Jj

» 88Xiﬂq » 88Xiﬂq
= —/ Cijpr——dY — / CijkeEyke (XM) dy, (36)
Y 0 Y 3)’;’

J

which is the weak form utilized to obtain x? in the finite element method. The

Galerkin equation for equation (29) can also be transformed to

0 ~
0= / W {C,’jkg[é‘y(kg) (Alllc) — 825 (O’ll) Al]} 8AM}C dY
Yy 9Jj

~ lc aSAutIC ~ -C 1
=— | Cijpr&yar) (Au") dY — | Cijueéiy (o)) At
Y 3yj Y

A8 Auj*
dy;

dy, @7)

which is the weak form to obtain Au!® for the periodic boundary conditions.
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6. NUMERICAL PROCEDURE

For the case where macroscopic stresses X;; (or macroscopic strains E;;) are given,
we set 6, = 0 for 7 = 0. Then the incremental computation from the current time
t =t to the subsequent time t = t 4+ At is conducted as follows:

(1) For given 0,1, we calculate C'ijkg from equation (19), and é,fg(otl) from equa-
tion (31). And we obtain Xip 7 and Auilc by the finite element method based on
equations (36) and (37) with the Y-periodic boundary conditions.

(2) We calculate a;i¢ and Ar;; from equation (22), and obtain (d;jx¢) and (Ar;;).
(3) We calculate AE;; = é;,(Aug) (or AY;;) from equation (24).
(4) We calculate Aoi} from equation (22), and obtain 0,1 att =t + At.

7. NUMERICAL RESULTS

We analyze a unidirectional graphite-epoxy composite with hexagonal packing as
shown in Fig. 1 with 6 in equation (3) being 1/2. The epoxy resin is considered to be
isotropic linearly elastic and nonlinearly viscoelastic material with the mechanical
properties

E, =476 kgf/mm?, v, =039, n=1 m=0.269,
k =1.76 x 10~* (kgf/mm?) " (hour) ",

which were determined by the experiment conducted on the epoxy resin [1]. The
graphite fiber is assumed to be transversely isotropic linearly elastic material with

Y2

fibet unit cell
matrix ¢ (o= )1

0 *1

Figure 1. Regular hexagonal array composite and unit cell.
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the mechanical properties

Er; = 21000 kgf/mm?,  Er; = 1310 kgf/mm?,
virp =029, vprp =049, Gprp = 2190 kgf/mm?.

A unit cell of periodicity as indicated in Fig. 1 is discretized by the eight-node
isoparametric quadrilateral finite elements as shown in Fig. 2.

The macroscopic strain E;; and the macroscopic creep strain E{, of the graphite-
epoxy unidirectional composite subjected to unidirectional constant macroscopic
stress X7 = o are shown as a function of 7 in Figs 3 and 4, respectively, together
with the experimental results [1]; and the macroscopic strain Ey; vs. the time ¢ is
shown in Fig. 5.

1 T T T T

matrix
05 4
Y2 ot
05 ¢ fiber
-1 1 L 1 n
-1.5 -1 -0.5 0 0.5 1 1.5

Y1

Figure 2. Finite element discretization of unit cell of hexagonal array composite.

0.002 v T T T r T T

L}
® WpgGHe{[hoo® " g5 4
0.0015 0 g @ ol 1% 4

LuE® N ¢ x*,F‘-*- L

g g
p .';)&“:& % N + e+

3 T
1{'&— e
e

0.001 f .ot 7 1
Time hardening
Strain hardening-—-—------
Expreriment

0.0005 2.0kgi/mmA2  +
2.0kghmm*2 o
3.0kgf/mm*2  x
4.0kgf/mmr2  x

0 1 1 1 1 ] ! 1
0 200 400 600 800 1000 1200 1400 1600

t |hour|

s

E, /G [mm®/kgf]

Figure 3. Strain Eq; vs. time ¢ for unidirectional graphite-epoxy composite under applied stress
2= c.
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0.0007 (e —— : . C e
Strain hardening--------- .
0.0006 | Experiment L )
- 2.0 kgf/mm*2  + "x oo
:@ 0.0005 | 2.0 kgf/mm?2  x % a0 ® aa )
N\ 3.0 kgf/mm"z x o " x o . X%y
2 4.0 kgf/mmr2 o = 8,0 X, x
E 00004 o ™ o ax XXX X 4
i . _x;;b“
> 0.0003 | o, @ Ja00 |
O~ ot % ‘.
: ax X b T, 4 +,*“ -
K 00002 b %X s R e |
X % + +
Moo * . SR~
0.0001 | . FO
0 s - ,

0 200 400 600 800 1000 1200 1400 1600
t [hour]

Figure 4. Cr_eep strain E{; vs. time ¢ for unidirectional graphite-epoxy composite under applied
stress 11 =o0.

-0.00064 T T T r T r r

-0.00066 | 1

-0.00068 Time hardening

Strain hardening----------

-0.0007 FY\

-0.00072

E, /G [mm?/kef]

-0.00074

-0.00076 |

i I

-0.00078 : - - ! -
0 200 400 600 800 1000 1200 1400 1600

t [hour]

Figure 5. Strain Ep; vs. time ¢ for unidirectional graphite-epoxy composite under applied stress
2= c.

Since we assume that the epoxy resin is linearly viscoelastic (n = 1), the total
compliance E;;/0 and the creep compliance E{,/6 and E5,/c are the same for
any applied stress o. It can be seen from Fig. 4 that the creep compliance Ef, /6
for the strain-hardening law is larger than for the time-hardening law at the first
transient stage and becomes smaller at the later stationary stage. The Poisson
shrinkage (—E??) in Fig. 5 shows the same characteristic for the strain-hardening
law and the time-hardening law. In view of Fig. 3, the experimental results for the
total compliance qualitatively agree with the theoretical prediction. However, the
experimental data for the creep compliance are much higher than the theoretical
results.
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8. CONCLUSIONS

Creep behavior of unidirectional fiber reinforced plastics is analyzed by the finite
element method utilizing the homogenization theory. To verify the theoretical
predictions, more extensive creep tests on composites and the constituent resins
should be conducted. Although composites under uniform macroscopic strains have
been analyzed, the present homogenization method can easily be extended to study
composites subjected various boundary conditions.
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